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Abstract 

A tensor extension of the Poincare algebra is proposed for the arbitrary dimen- 
sions. Casimir operators of the extension are constructed. A possible supersym- 
metric generalization of this extension is also found in the dimensions D = 2, 3, 4. 
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1 Introduction 

There are many examples for the tensor (semi-central) extensions of the super-Poincare 
algebra (see, for example, [H 121 El IH El El El)- However, there also exists the tensor 
extension of the Poincare algebra itself. In the present paper we give the example of 
such an extension with the help of the second rank tensor generator. A consideration of 
such an extension may have a sense, since it is homomorphic to the Poincare algebra. 
Moreover, the contraction of the extended algebra leads also to the Poincare algebra. It is 
interesting enough that the momentum square Casimir operator for the Poincare algebra 
under this extension ceases to be the Casimir operator and it is generalized by adding 
the term containing linearly the angular momentum^. Due to this fact, an irreducible 
representation of the extended algebra^ has to contain the fields of the different masses. 
This extension with non-commuting momenta has also something in common with the 
ideas of the papers jHl CDl Ulj and with the non-commutative geometry idea [12] . It is 
also shown that for the dimensions D = 2,3,4 the extended Poincare algebra allows a 
super symmetric generalization. 

2 Extension of the Poincare algebra 

The Poincare algebra for the components of the rotations Mab and translations Pa in D 
dimensions 

[Mab, = (gadMbc + QbcMad) ' {c ^ d) , 

[Mab, Pc] = gbcPa - gacPb, 

[Pa,n]=0 (2.1) 

can be extended with the help of the tensor semi-central generator Zah in the following 

way: 

[Mab, M,d] = {gadMbc + gbcMad) ' (c ^ d) , 
[Mab, Pc] = gbcPa - gacPb, 
[Pa, Pb\ = Zab, 
[Mab, Zed] = {gadZbc + gbcZad) " (c ^ C?), 
[Pa, Zbc] = 0, 

"'^Note that this reminds the relation for the Regge trajectory, which connects the mass square with 
the angular momentum. 

^Concerning the irreducible unitary representations of the extended Poincare group in (1 + 1) dimen- 
sions see, for example, |S]. 
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[Zab, Zed] — 0. 



(2.2) 



By taking a set of the generators Zab as a homomorphism kernel, we obtain that the 
extended Poincare algebra ()2.2|) is homomorphic to the usual Poincare algebra ()2.1|) . 
Under a contraction Zab the algebra ()2.2|) also goes to the Poincare algebra ()2.1|) . 
Casimir operators of the extended Poincare algebra are 



pai 7 7(1203 _ _ _ 7 7a2fea2fe+i p 

-< ^aia2^ ^a2fe-lC2fc^ C2fe+l 

■■■ (fc = 0,1,2,...); (2.4) 

e"''"^'^ Zab Zed, (2.5) 

where e'^^'^'^, e^^"^^ = 1 is the totally antisymmetric Levi-Civita tensor. In particular, there 
is a Casimir operator generalizing the momentum square 

pap^ + Z'^'Mba, (2.6) 

which indicates that an irreducible representation of the extended algebra contains the 
fields having the different masses. Note that for the extended algebra there is no gener- 
alization of the Pauli-Lubanski vector of the Poincare algebra. The expressions ()2.3p and 
()2.4|) for the Casimir operators are valid for the extended Poincare algebra ()2.2p in the 
arbitrary dimensions D, but the expression ()2.5|) is only true for D = 4. 

Note that in the case of the extended two-dimensional Poincare algebra the Casimir 
operators ()2.Hj) and ()2.4|1 can be expressed 

7 70203 7 ya2kO.\ 9 72A: 

^axa2^ ■ ■ ■ ^a2fe_ia2fe^ — z,Zy , 



pai 7 70203 7 702fe02fc+i p 

-< ^ai02^ ^02fc_i02fe^ 02fe+l 

^Z^'^'Za.a, ■ ■ ■ Za,,_,a,,Z-"'''"'+'Ma,,^,a = Z^\P- Pa + Z'^' Mba) 

as degrees of the following generating Casimir operators: 

Z = -e'^^Zab, 

P-Pa + Z-'Mba, 

where e"^ = — e^", e"^ = 1 is the completely antisymmetric two-dimensional Levi-Civita 
tensor. In the case of the extended three-dimensional Poincare algebra these Casimir 
operators can be expressed 

7 70203 7 7a2fcai _ 9('7<^7 \^ 

^0102^ ■ ■ ■ ^02fc_ia2fc^ — ^[^ ^a) , 



2 



pai y ya-iaz ... y ya2ka2k+l p 



I yaax y y ya2ka-2k+l n/f 

^aia2 ^a2k-\a2k^ ^"a2k+i<i 



in terms of the following generating Casimir operators: 



Z'^Za, 



pap^ + Z'^'M.a, 

P^Z^ 



where 

Za ^ abc ry 

— 2^ 

and e*^^^ = 1 is the totally antisymmetric three-dimensional Levi-Civita tensor. In the 
case of the extended D-dimensional [D > 4) Poincare algebra the Casimir operators ()2.3p 
and (j2.4j) can not be expressed in terms of the finite number of the generating Casimir 
operators. 

Generators of the left shifts, acting on the function f{y) with a group element G, 



have the form 



[T{G)f]{y) = f{G-'y), y = {x\z'^') 



Pa = -^ + -x^ 



Z 



d 



ab 



]\/r — 9 9 c 9 c^r. 

Mab - - X,— + Za^^-Z,^^+ 6,,, 

where coordinates x"" correspond to the translation generators Pa, coordinates z"'' corre- 
spond to the generators Zab and Sab is a spin operator. 
On the other hand, generators of the right shifts 

[TiG)f]iy) = f{yG) 

have the form 

n 4|f p r ^ A _ ^r" ^ 

" dx- 2 dz-b' 
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Note that the algebra 

[Mab, MJ = (gadMbc + QbcMad) - {c ^ d) , 
[Mab, Pc] = QbcPa - gacPb, 
[Mab, Dc] = 9bcDa - 9acDb, 
[Pa, Pb] = Zab, 
[Da, Db] = —Zab, 
[Pa,Db]=0, 
[Mab, Zed] = {QadZbc + QbcZad) - {c ^ d) , 
[Pa, Zbc] = 0, 
[Da,Zbc]=0, 
[Zab, Zed] = 0, 

formed by the generators Mab, Pa, Da and Zab, has as Casimir operators the operators 
()2.3|1 and the following operators: 

iP-DrZa^a^Z'^^''' ■■■ Z,,,_,.,,Z™'=+^(P + D),,,^, 

+ Z"'°''^ Zaj^a2 • • • Za2^_^a2kZ""^'''^^''^'^ Ma^^^^a, = 0, 1, 2, . . .). 

3 Supersymmetric generalization 

The extended Poincare algebra ()2.2j) admits the following supersymmetric generalization: 

{Qa,Ql3} = —d{a°'^C)af3Zab, 
[Mab,Qa] = -{<^abQ)a, 
[Pa, Qa] = 0, 



[Zab, Qa] — 

with the help of the super-translation generators 



Qa 



^ J- ^f^" 



) A_ 



where 9 = CO is a Majorana Grassmann spinor, C is a charge conjugation matrix, d is 
some constant and (Tab = \[ja,%]- 

The rotation generators acquire the terms depending on the Grassmann variables 9^ 



M - X ^ X ^ + z " ^ z" ^ 
"'^ dx^ ^ dx"- ° dz^^ ^ dz^' 



{(^ab^ 



) ± 



+ Sab, 



whereas the expressions for the translations Pa and tensor generator Zab remain un- 
changed. 

The validity of the Jacobi identities 



and 



[Pa, {Qa, Qp}] = {Qa, [Pa, Qp]} + {Qp, [Pa, Qa]} 



[Mab, {Qa, Qf3}] = {Qa, [Mab, Q p]} + {Q^, [Mab, Qa]} 



for the supersymmetric generalization of the extended Poincare algebra (j2.2j) verified for 
the dimensions D = 2,3,4 with the use of the symmetry properties of the matrices C and 
■jaC and the relations ()A.1|) - ()A.3|) of the Appendix. 

One of the generating Casimir operator in the dimensions D = 2, 3 is generalized into 
the following form: 



P-Pa + Z-'M,a - ^QaiC~'r^Q^, 



(3.1) 



while the form of the rest generating Casimir operators in these dimensions are not 
changed. Note that in the case D = 3 there is also the following Casimir operator: 

Z^QaiC-'jaT^Qp. 

One of the simplest Casimir operator ()2.(i|l in D = 4 is also generalized into the form 
fl3.1|) . The supersymmetric generalization of the more complicated Casimir operators in 
the four- dimensional case has the following structure: 

P'^ZabZ'^'P, + Z^^Zfe.Z^'^M,, + ^Qa{C''a'^'Zaba'"'Z,,r''Qp + ^^Z'^' ZabQa{C'^T^Qp, 



P'^ZabZ^'^Z^aZ'^'P, + Z'^^'Z^.Z'^Zs^.Z'^M^a 

C~^a°'^Zab(y'"^ (^ZceZ^'-f Zfd + —Z^'^ZhgZcd^ 



a/3 



20d 



IZabZ^'^Z^aZ"'' + 'i{Z^^Z^,f\ Q^{C'^rH 
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An algorithm for the construction of the supersymmetric generahzation of the Casimir 
operators ()2.4j) is obvious and based on the use of the following commutation relations: 



Qa{C-'r''Qp,Q. 



2d 



Z°'^{aabQ)'y, 



— Qa{C a"' ZabC'^ Zed)" Q/31Q7 



Zab ry rycd 1 ' ry lycb lyad 
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where 



lyab _ yaai y y ya2kb /' L _ n 1 

^ — ^ ^axa2 ^a2k^ia2k^ ' — U, i, 



4 Conclusion 

Thus, in the present paper we proposed the extension of the Poincare algebra with the 
help of the second rank tensor generator. Casimir operators for the extended algebra are 
constructed. The form of the Casimir operators indicate that an irreducible representation 
of the extended algebra contains the fields with the different masses. A consideration is 
performed for the arbitrary dimensions D. A possible supersymmetric generalization of 
the extended Poincare algebra is also given for the particular cases with the dimensions 
D = 2,3, A. 

It would be interesting to find the spectra of the Casimir operators and to construct 
the models based on the extended Poincare algebra. The work in this direction is in 
progress. 
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A Appendix 

As a real (Majorana) representation for the two-dimensional 7-matrices and charge con- 
jugation matrix C we adopt 

7° = C' = -C^ = -i(^2, 7^ = (^i, 75 = \(^''^lalb = 

{la, 7b} = 9n = -goo = 1, C'^laC = -la^, 

where cjj are Pauli matrices. The matrices 7^ satisfy the relations 

7a75 = eafe7^ 7a7fc = 9ab " (^ablb- (A.l) 
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For the Majorana three-dimensional 7-matrices and charge conjugation matrix C we 

take 

/ = C = -C^ = -i(72, y = 7' = ^3; 

{7a, 76} = SfiTab, gil = 922 = -900 = 1, C'"^7aC = -'Ja^ , 

The matrices 7a obey the relations 

7a76 = 9ab - (^abcY- (A. 2) 

At last, the real four-dimensional 7-matrices and matrix C are 

{7a, 76} = '^9ab, 9ll = 6^22 = 933 = "^00 = 1, C'^laC = -7„^, 75 = ^ e"*'='^7„767e7d . 

The matrices 7a and meet the relations 

7a<76c = -^^abcdYlb + ^i'f'^dab " Ifbgac), enable = -j^^abcdl'^lb + -jilagbc " 1b9ac), 

O'abO'cd — -^{gad9bc — 9ac9bd — ^abcdlb) + -^{o'adgbc + Crbc9ad — (^ac9bd — 0'bd9ac)- (A. 3) 
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